We report a detailed first-principles calculation to investigate the structures, elastic constants, and phase transition of Ti. The axial ratios of both ␣-Ti and -Ti are nearly constant under hydrostatic compression, which confirms the latest experimental results. From the high pressure elastic constants, we find that the ␣-Ti is unstable when the applied pressures are larger than 24.2 GPa, but the -Ti is mechanically stable at all range of calculated pressure. The calculated phonon dispersion curves agree well with experiments. Under compression, we captured a large softening around ⌫ point of ␣-Ti. When the pressure is raised to 35.9 GPa, the frequencies around the ⌫ point along ⌫-M-K and ⌫-A in transverse acoustical branches become imaginary, indicating a structural instability. Within quasiharmonic approximation, we obtained the full phase diagram and accurate thermal equations of state of Ti. The phase transition -Ti→ ␣-Ti→ ␤-Ti at zero pressure occurs at 146 K and 1143 K, respectively. The predicted triple point is at 9.78 GPa, 931 K, which is close to the experimental data. Our thermal equations of state confirm the available experimental results and are extended to a wider pressure and temperature range.
I. INTRODUCTION
The titanium group elements titanium ͑Ti͒, zirconium ͑Zr͒, hafnium ͑Hf͒, and their alloys have tremendous scientific and technological interest. These materials are very important in technology due to their mechanical strength, stiffness, resistance to degradation with rise in temperature, light weight, and corrosion resistance. 1 The scientific interest for these materials stem from the fact that they have a narrow d band in the midst of a broad sp band, which has an impact on their electronic and superconducting properties. The electronic transfer between the broad sp band and the narrow d band is the driving force behind many structural and electronic transitions in these materials. [2] [3] [4] Ti can also be alloyed with other elements such as iron, aluminum, vanadium, and molybdenum, to produce strong lightweight alloys for aerospace, military, industrial processing, automotive, and other applications. As the mechanical properties depend upon the crystallographic phase, studies of the structural stability, phase diagram, and the mechanisms of the phase transformations have been vigorously pursued. [5] [6] [7] [8] [9] [10] [11] [12] At ambient condition, Ti is in the hexagonal-closepacked ͑hcp͒ crystal structure ͑␣ phase͒, and then transforms to a body-centered-cubic ͑bcc͒ structure ͑␤ phase͒ when the temperature is higher than 1155 K. 12 At room temperature, the ␣ phase transforms to the hexagonal phase ͑three atoms per unit cell͒ when the pressure is increased. This ␣-transition is a representative example of martensitic transformations. The pressure driven ␣-transformation in pure Ti has significant technological implications in the aerospace industry because the phase formation lowers toughness and ductility. 10 Recently, two high pressure phases ␥-Ti ͑dis-torted hcp͒ 11 and ␦-Ti ͑distorted bcc͒ 5 have been found. Joshi et al. 7 carried out total energy calculations employing the full-potential linear-augmented-plane wave ͑FPLAPW͒ method to examine the stability of the ␥ and ␦ phases with respect to the and ␤ structures. They found that the ␥ phase observed in the experiments is a metastable phase that could be formed due to the shear stresses present in the experiments, and the ␦ phase is not at all stable at any compression.
The thermal properties and phase boundaries among ␣-, -, and ␤-Ti have attracted wide attention. But the complete pressure-temperature ͑P-T͒ phase diagram of Ti has not been well studied theoretically due to the well-known soften phonon modes of the ␤-Ti at low temperatures. Ostanin and Trubitsin 9 first worked on the phase diagram of ␣-, -, and ␤-Ti using the Debye model. The fitting parameters of the -Ti were obtained without detailed justifications. Hennig et al. studied the P-T phase diagram of Ti using molecular dynamics ͑MD͒ simulations based on modified embedded atom potential. 6 But the calculated ␣-␤ phase boundary is nearly independent on pressure, which is not consistent with the experimental results. Recently, Mei et al. also studied the phase diagram using the combination of the density functional theory ͑DFT͒ and the Debye model. But they shifted the total energy of ␤-Ti down by 8 kJ mol −1 artificially to match the experimental values, which should be treated with caution. Experimentally, the shock wave Hugoniot measurements showed that the metastable ␣-phase branched to 12 GPa where the transformation to the ␤-phase began. 13 Zhang et al. 14 reported the phase diagram of Ti using the synchrotron x-ray diffraction. And they showed that the equilibrium phase boundary of ␣-transition has a dT / dP slope of 345 K/GPa, which is much larger than all the previous results. 12, 15 In addition, during the ␣-transition, their associated entropy change is 0.57 J mol −1 K −1 , which is also much smaller than the previous datum 1.49 J mol −1 K −1 .
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By in situ high-pressure diffraction experiments, Zhang et al. 16 also investigated the structural properties and thermal equation of state ͑EOS͒ of Ti up to 8.2 GPa and 900 K. The measured axial ratios ͑c / a͒ for both ␣-and -Ti remain constant over the experimental pressures, which is against the diamond anvil cells ͑DAC͒ results for ␣-Ti. 17 These disputations still remain inconclusive and need to be clarified.
In our previous work, 18 we only obtained the phase transition and EOS of ␣-and -Ti by using the Debye model. But in the present work, we describe a systematical investigation of the high pressure behaviors of Ti, including accurate structural and elastic properties, the phase diagram, and thermal EOS. The present investigation is more complete than our previous work. 18 First-principles quantummechanical calculations have been very successful in predicting the phase stability and EOS for a wide class of crystals. [19] [20] [21] Here, we first used static first-principles calculations within DFT to investigate the structural and elastic properties of Ti under high pressure. Then we employed the quasiharmonic approximation ͑QHA͒ to study the phase diagram, thermal EOS, and thermodynamic properties. The organization of this paper is as follows; Sec. II, we give a brief description of the theoretical computational methods. The results and discussions are presented in Sec. III. A short conclusion is drawn in Sec. IV.
II. DETAILS OF CALCULATIONS AND MODELS
The static calculations were based on the DFT, and performed with the VIENNA AB INITIO SIMULATION PACKAGE, 22 using a highly accurate frozen core all-electron projector augmented wave method. 23 The exchange and correlation potentials were treated within the generalized gradient approximation of Perdew-Burke-Ernzerhof. 24 In order to avoid core overlap at high pressure, we treated semicore states 3s and 3p as valence electrons. This is at variance with our previous work, 18 where we used a potential in which the valence electrons for Ti were in the 3d and 4s configuration. The plane-wave energy cutoff was 700 eV, which is much larger than 500 eV in the previous work. The calculations were conducted with 18ϫ 18ϫ 10, 12ϫ 12ϫ 18, 20ϫ 20 ϫ 20, and 16ϫ 8 ϫ 10 ⌫-centered k meshs for ␣-, -, ␤-, and ␥-Ti, respectively. All necessary convergence tests were performed and the self-consistence convergence of the energy was set to 10 −6 eV/ atom. To obtain the equilibrium structures of unit cells at applied pressures, internal atomic positions were optimized until the residual forces became less than 1 ϫ 10 −3 eV/ Å. Phonon calculations were performed using the small displacement method. 25 The forces were obtained using first-principles calculations with 54, 81, and 64 atoms for ␣-, -, and ␤-Ti, respectively. To obtain the force constants for the phonon calculations, atomic displacements of 0.03 Å were employed.
The Helmholtz free energy F can be accurately separated as
where E static ͑V͒ is the energy of a static lattice at zero temperature T and volume V, F elec ͑V , T͒ is the thermal free energy arising from electronic excitations, and F phon ͑V , T͒ is the phonon contribution. Both E static ͑V͒ and F elec ͑V , T͒ can be obtained from static first-principles calculations directly. The phonon vibrational contribution F phon ͑V , T͒ has been calculated in the QHA
where ⍀ = ͑2͒ 3 / V is the volume of the Brillouin Zone ͑BZ͒, k B is the Boltzmann constant, ប is the Plank constant divided by 2, and qs are the phonon frequencies. Unfortunately, within the present QHA, we are unable to obtain the free energy of ␤-Ti, since imaginary frequencies of the soft modes occur throughout the BZ. Though the ␤-Ti is unstable at zero temperature, it is stable when the temperature is higher than 1155 K. 12 Here we also assume that the ␤-Ti is stable at high temperature, and then we use the quasiharmonic Debye model 26, 27 to calculate vibrational Helmholtz free energies and other thermodynamic properties. By using this model, the vibrational contribution F vib can be expressed as
where n is the number of atoms per unit cell and D͑⌰ / T͒ is the Debye integral. The Debye temperature ⌰ is expressed by
where M is the molecular mass per formula unit, B S is the adiabatic bulk modulus, and f͑͒ is given by
where is the Poisson's ratio and can be obtained from the experimental elastic constants. 28 It is clear that once the parameters are defined, the Debye model can be used also in region where the ␤-Ti structure is not stable. We will do this later in the paper for completeness, but with the understanding that we will not assign any physical meaning to the properties obtained in this way.
The elastic constants are defined by means of a Taylor expansion of the total energy, E͑V , ␦͒, for the system with respect to a small strain ␦ of the lattice primitive cell volume V. The energy of a strained system is expressed as follows:
where E͑V 0 ,0͒ is the energy of the unstrained system with equilibrium volume V 0 , i is an element in the stress tensor, and i is a factor to take care of Voigt index. 29 For a cubic structure we considered three independent volumenonconserving strains. 30, 31 A hexagonal crystal structure possesses five independent elastic constants, so we use five independent strains. The detailed accounts of the calculation method of the elastic constants have been reported in the previous calculations ͓hcp-Zr ͑Ref. 32͒ and bcc-Mo ͑Ref. 21͔͒.
III. RESULTS AND DISCUSSION

A. Structural properties
To understand the properties of Ti at high pressure and temperature, we must know accurate information on the lattice structures first. We calculated the static energy-volume ͑E-V͒ curves for ␣-, -, ␤-, and ␥-Ti. The equilibrium volume ͑V 0 ͒, the static energy ͑E 0 ͒, the bulk modulus ͑B 0 ͒, and its pressure derivative ͑BЈ and BЉ͒ of ␣-, -, and ␤-Ti, which are obtained by fitting the E-V data to the fourth-order finite strain EOS, 33 are listed in Table I . The agreement of our results with the experimental data 11, 16, 17 is satisfactory. At zero pressure and temperature, the stable phase is -Ti. By comparing the enthalpies of ␣-and -Ti, we found that a transformation from the -Ti phase to the ␣-Ti phase would appear at a negative pressure of Ϫ5.0 GPa, which is consistent with other theoretical data Ϫ3.0 GPa ͑Ref. 34͒ and Ϫ3.7 GPa. 35 The equilibrium lattice parameters of ␥-Ti are a = 2.94, b = 5.09, and c = 4.65 Å. The bulk modulus B 0 and its pressure derivative BЈ are 105.43 GPa and 3.48 GPa, respectively. The phase transition from -Ti to ␥-Ti occurs at 110 GPa, consistent with the experimental datum 116Ϯ 4 GPa.
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At the transition pressure, the lattice parameters for ␥-Ti are a = 2.39, b = 4.51, and c = 3.96 Å, which also agree with the experimental data a = 2.388, b = 4.484, and c = 3.915 Å at 118 GPa. 11 Meanwhile, the internal parameter varies from 0.166 at zero pressure to 0.108 at 110 GPa ͑the experimental datum is 0.10 at 118 GPa͒. 11 The calculated 0 K isotherms are shown in Fig. 1 , together with the experimental results.
11,17
The present EOS agrees very well with the experimental data at all range of pressure.
At zero pressure and temperature, ␣-Ti has an axial c / a ratio of 1.583, smaller than the ideal value 1.633 for an hcp crystal. This behavior in hcp metals is generally attributed to highly anisotropic bonding properties, namely a strongly covalent bond character, with a component aligned along the c-axis. 16 The pressure dependence of the lattice parameters and the corresponding c / a ratios for ␣-and -Ti are illustrated in Figs. 2͑a͒ and 2͑b͒. It can be seen that there are nearly identical axial compressibility along the a-and c-axis for ␣-Ti. As a result, the ratio c / a varies only slightly under pressure, indicating an isotropic compression, which confirms the latest experiment. 16 But the DAC experiments revealed that the c / a ratio of the ␣-Ti increases gradually from 1.583 at atmospheric pressure to 1.622 at 14.5 GPa. 17 For -Ti, the c / a ratio in the present work stays about constant to 0.617 at high pressure. From the experiments by Zhang et al., 16 we can see that the c / a ratio stays constant up to 8.2 GPa. Whereas, the c / a ratio in DAC experiments raises slightly from 0.609 at ambient pressure to 0.613 at 16 GPa. 17 The increase in the c / a ratio ͑both for ␣-and -Ti͒ in the DAC experiments may be attributed to the uniaxial compression in nonhydrostatic conditions. Zhang et al. provided a uniform compression in all six directions of a cubic cell, 16 which leaded a quasihydrostatic compression similar to the theoretical hydrostatic condition. Our results generally agree with theirs. The other available calculated results 35 are also shown in Fig. 2͑b͒ . For the similar hcp metal -Zr, 36 the calculations showed a constant axial ratio 0.623 at different pressures. In addition, in our previous calculations on -Fe, another hcp transition metal, we also found that the c / a ratio increases slightly ͑less than 0.01͒ with increasing pressure. 37 Experimentally, Weinberger et al. 38 investigated the hcp metal Os, and showed a nearly constant c / a ratio up to 30 GPa along hydrostatic stress conditions. So the constant c / a ratios under hydrostatic compression are reasonable properties in both ␣-and -Ti.
B. Elastic properties
For each volume of the unit cell, the complete sets of elastic constants of Ti were deduced from a polynomial fit of the strain energy for specific deformations. Ten symmetric values of ␥ in the range Ϯ5% were used to make the strain energy fit at each strain type. For pressure, the value was calculated from the static EOS. The obtained elastic constants for ␣-, -, and ␤-Ti are listed in Table II , together with the experimental data. 28, 39 The elastic constants of ␣-Ti at equilibrium structure parameters are in good agreement with the experimental data with errors of less than 10%. Unfortunately, no experimental data for -and ␤-Ti at ambient condition are available for comparison. From Table II , one can see that all the elastic constants increase with increasing pressure except C 44 of ␣-Ti.
The theoretical polycrystalline elastic modulus can be determined from an appropriate combination of elastic constants. The average isotropic bulk modulus B and shear modulus G of polycrystalline can be calculated according to 
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Voigt-Reuss-Hill approximations. 40 The polycrystalline Young's modulus ͑E͒ and the Poisson's ratio ͑͒ are then calculated from B and G as follows:
To qualify the mechanical anisotropy of ␣-and -Ti, one can define bulk modulus along the a-axis ͑B a ͒ and the c-axis ͑B c ͒ as follows: 41 B a = a dp da = ⌳ 2 + ␣ , B c = c dp dc
The values of B, B a , B c , G, E, and are also shown in Table  II . Both G and E of ␣-Ti have the trend to decrease with the increasing pressure. In our calculated pressure range, the maximal change of B a / B c is 0.1 for ␣-Ti and 0.038 for -Ti, suggesting that the mechanical behavior of these two structures varies little under compression. This also confirms our results that the axial ratios of both ␣-Ti and -Ti are nearly invariant under compression. The Poisson's ratio of ␣-Ti increases more quickly than that of -Ti. At high pressure, the Poisson's ratio of ␣-Ti approaches to 0.5, which indicates the instability under compression. For the bcc structure ␤-Ti, we can see that the values of G and E are negative, indicating the instability. The Poisson's ratio is larger than the liquid value of 0.5, which is physically implausible since ␤-Ti is a solid. For the cubic structure the mechanical stability under isotropic pressure can be judged by
and for the hexagonal structure, the mechanical stability is judged by
where C ␣␣ = C ␣␣ − P͑␣ = 1,3,4͒, C 12 = C 12 + P, C 13 = C 13 + P.
͑12͒
We now apply the stability criterion for the three structures. For ␤-Ti the C 11 is smaller than C 12 , which indicates the ␤ phase is unstable. For ␣-Ti, when the pressure is larger than 24.2 GPa at 0 K C 11 − ͉C 12 ͉ Ͻ 0, which suggests that the ␣-Ti becomes mechanically unstable at this pressure. For the -Ti, we can see that it is stable in whole range of calculated pressures.
The isotropically averaged aggregate velocities can be obtained as follows:
͑13͒
where V P , V B , and V S are the compressional, bulk, and shear sound velocities, respectively. The aggregate velocities versus pressure are shown in Fig. 3 . As pressure increases, the V B of ␣-Ti and -Ti are nearly equivalent and increase monotonically. At zero pressure, the V P and V S for ␣-Ti are smaller than those of -Ti. With increasing pressure, the V P of -Ti increases with pressure significantly while the V S increases only a little. For ␣-Ti, the V S has a trend to decline. The softening of the V S also indicates the instability of ␣-Ti under pressure.
C. Phonon dispersions
The calculated phonon dispersion curves of ␣-, -, and ␤-Ti along several symmetry directions at equilibrium structures are displayed in Figs. 4͑a͒-4͑c͒. For ␣-Ti, the calculated phonon dispersion reproduces the overall trend of the inelastic-neutron-scattering measurement by Stassis et al. 42 At the K point, the calculated high-energy optical frequencies show the largest deviations from experiment. However, the agreement of the acoustic branches is quite good. There are no experimental data available for high-pressure -Ti, but our results are consistent with some previous calculations. 6, 8 In contrast to ␣-Ti, the deviations for the optical branches of -Ti are smaller and more uniform across the BZ.
The predicted 0 K phonon dispersion of ␤-Ti is shown in Fig. 4͑c͒ , together with the experimental data measured at 1293 K. 43 The soft mode around P point in L-͓111͔ is responsible for the ␤ to transformation, while the unstable phonon branch in the T-͓110͔ direction corresponds to the ␤ to ␣ transformation. 43 Though the present phonon dispersions reflect the instability, a large discrepancy exists. The reason is that the QHA only includes the part of anharmonic effects due to the volume dependence of the phonon frequencies, with the phonon frequencies at a given volume independent of temperature ͑a part from a possible dependence on the 
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electronic temperature͒. But in real crystals this is not the case. The effects of anharmonicity make each phonon frequency to suffer a shift. At high temperature, these shifts are proportional to the temperature and depend on frequencies. 43 There should be larger anharmonic effects when the temperature rises up to the ␣-␤ phase transition point.
We repeated the phonon calculations for other ten different pressures of both ␣-and -Ti. Some of the dispersion curves are plotted in Figs. 5͑a͒ and 5͑b͒ . For -Ti, the phonon frequencies increase with increasing pressure. But for ␣-Ti, all the frequencies decrease with increasing pressure, except the highest-energy optical frequency. As pressure increases, the softening becomes more and more obvious. Under compression ͑P = 35.9 GPa͒, the frequencies around the ⌫ point along ⌫-M-K and ⌫-A in the transverse acoustical ͑TA͒ branches soften to imaginary frequencies, indicating the structural instability. This is consistent with our static elastic constant calculations, where the ␣-Ti phase is unstable when the pressure is larger than 24.2 GPa. The modes softening behaviors are related to the particular mechanism which is responsible for the phase transition. For the ␤-Ti phase, the phonon dispersions at different pressures are not shown here, as the variations in the dispersion curves are mainly dependent on temperature and not on pressure.
The mode Grüneisen parameter ␥͑q,j͒ describes the volume dependence of the frequency of the jth vibration mode of the lattice and is defined as ␥͑q,j͒ = − d͕ln͓͑q,j͔͖͒/d͓ln ⍀͔. ͑14͒ 
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positive throughout the whole BZ for all three branches. But there are several negative branches of ␣-Ti, especially along the ⌫-A direction, which indicate the instability. It can be seen that the Grüneisen parameter is mode dependent and that the longitudinal modes are more sensitive to compression than the transverse ones.
D. Phase diagram
The difference of Gibbs free energy ⌬ G of -and ␤-Ti with respect to ␣-Ti can be obtained with two methods. The first is using the phonon density of states ͑DOS͒, and obtaining the free energy according to Eq. ͑2͒. Using this method, we find that the phase transition from -Ti to ␣-Ti occurs at 146 K at zero pressure. Since the phonon modes of ␤-Ti have imaginary frequencies, this prevents us from calculating the free energy using the DOS directly, so we need to employ the alternative approach of obtaining the free energy using the quasiharmonic Debye model. We can also calculate the free energies of ␣-and -Ti using this approach. Within the Debye model, the phase transforms to ␣ phase at 152 K, and then transform to the ␤ phase at 1143 K, which agree with the corresponding transition temperatures 186 and 1114 K from Mei et al. 8 By comparing the Gibbs free energy of ␣-, -, and ␤-Ti at different pressures and temperatures, we can obtain the phase diagram of Ti. The full phase diagram of Ti is shown in Fig. 7 , which generally agrees with previous theoretical 6, 8 and experimental 12, 14 data. The predicted triple point located at 9.78 GPa, 931 K, which is close to the experimental data 9 GPa, 940 K. 12 At 300 K, the ␣-transition occurs at 2.02 GPa ͑using the phonon DOS͒ and 2.16 GPa ͑using the Debye model͒, which are in excellent agreement with experimental data 2.0Ϯ 0.3 GPa estimated from samples under shear stress. 44, 45 The slope ͑dT / dP͒ of the ␣-boundary ͑76 K/GPa from phonon DOS and 81 K/GPa from Debye model͒ is close to the previous studies from Young, 12 but significantly different from the findings by Zhang et al.
14 ͑345 K/GPa͒. The experiments from Zhang et al. display a peculiar feature, i.e., if one extrapolates their ␣-phase boundary from 300 to 0 K, a wrong ground state would be found at low temperature. Our slopes of the ␣-␤ and -␤ boundary are Ϫ21 K/GPa and 2.4 K/GPa, respectively. But Hennig et al. 6 showed that the transition temperature between the ␣ and ␤ phase is nearly independent of pressure. Their classical MD results deviated from all other theoretical and experimental data, which could be due to transferability issues of their modified embedded atom model. The parameters were obtained by fitting energies, defect energies, forces, and elastic constants to DFT calculations at zero pressure and temperature. But the validity of those parameters at high pressure and temperature is unknown.
E. Thermal EOS
The thermal EOS is a measurement of the relationship among pressure, volume, and temperature ͑P-V-T͒. The calculated isotherms and isobars obtained by the quasiharmonic Debye approximation are compared with experiments in Figs. 8͑a͒ and 8͑b͒. The 0 K isotherm ͑including zero point motion͒ is almost the same as the one at 300 K and this is due to the small free energy contribution from the lattice vibrations at 300 K. At 300 K, the volume expands 0.61% ͑␣-Ti͒ and 0.58% ͑-Ti͒ comparing with the corresponding static values. For ␣-and -Ti, our isotherms agree well with the experimental data with increasing pressure. 16 The calculated volume of ␤-Ti at 1300 K and 0 GPa is 18.16 Å 3 , which agrees well with the experimental data 18.13 Å 3 ͓at 1273 K ͑Ref. 46͔͒ and 18.22 Å 3 ͓at 1293 K ͑Ref. 43͔͒. For the isobars, when the temperature goes from 0 to 1500 K at 0 GPa, the calculated volume expands about 5.73% ͑␣-Ti͒ and 5.75% ͑-Ti͒. Under high pressure, the thermal expansion is suppressed quickly by pressure. Our isobar for -Ti at 8 GPa ͓the right panel of Fig. 8͑b͔͒ is consistent with the experimental data at 8.1 GPa.
The accurate thermodynamic properties as functions of pressure and temperature can directly provide the valuable information for understanding the phase diagram and the dynamical response of materials under extreme conditions. The thermal pressure with respect to that of ␣-Ti at 300 K as functions of volume and temperature are shown in Fig. 9 . At low temperature, the thermal pressures show little volume dependence. At elevated temperature, they clearly increase but only slightly with increasing volume. At the same condition, the thermal pressure of -Ti is larger than that of ␣-Ti and the thermal pressure of ␤-Ti is the smallest one. The calculated data by Zhang et al. 16 at 900, 673, and 300 K for ␣-Ti are also shown in Fig. 9 . Our results are larger than that of them. In addition, Zhang et al. considered that the thermal pressure is independent of volume and have the same constant slope of 0.00282 GPa/K for almost all the volumes. But in our calculations, the slopes increase from 0.0038, 0.0039, and 0.0036 at 16 Å 3 to 0.0040, 0.0042, and 0.0039 at 18 Å 3 for ␣-, -, and ␤-Ti, respectively. The behavior reported by Zhang et al. 16 may be due to the inflexibility of their third order Birch-Murnaghan EOS in the calculations. The similar volume dependence of the slopes of the thermal pressure has also been found in our previous investigation on the bcc Mo. 21 Meanwhile Sha and Cohen 47 and Liu et al. 48 also found that the slopes of the thermal pressure were strongly volume dependent for both bcc Fe and Ta.
The temperature and pressure dependences of B T and B S of Ti are illustrated in Figs. 10͑a͒ and 10͑b͒ . The B T and B S are nearly constant from 0 to 100 K and then they decrease almost linearly with increasing temperatures. Our values for ␣-Ti are lower than the corresponding experimental ones. 46, 49 As temperature increases up to 1000 K, the deviation is about 3%. The reason for the difference is probably due to anharmonic effects in the thermal expansion. At 1300 K, the B T of ␤-Ti is 83.6 GPa in the present work, which consists with the experimental datum 87.7 GPa at 1273 K. 28 At room temperature, the temperature derivative of B T and B S of ␣-Ti are −0.0175 GPa K −1 and −0.010 GPa K −1 , respectively. Our results agree with the datum −0.011͑7͒ GPa K −1 for B T based on the measured P-V-T data. 16 The first and second order pressure derivative of B T ͑BЈ and BЉ͒ versus temperature and pressure are shown in Figs. 11͑a͒ and 11͑b͒ , respectively. The first order pressure derivative BЈ increases with increasing temperature at a given pressure and decreases with increasing pressure at a given temperature. Whereas, the variation in the second order pressure derivative BЉ is opposite to that of BЈ. Figure 12 shows the entropy of Ti as functions of temperature and pressure. From Fig. 12͑a͒ , we can see that at the -␣ transition temperature 146 K, the entropy changes between the ␣-and -Ti is 1. they calculated the entropy change using the ClausiusClapeyron equation and the dT / dP of their ␣-boundary is too large. At the ␣-␤ transition temperature 1143 K, the entropy changes between the ␣-and ␤-Ti is 5.2 J mol −1 K −1 , which is consistent with the experimental datum. 50 The large entropy change between the ␣-and ␤-Ti demonstrates that the ␣-␤ phase transition is driven by entropy. From Fig.  12͑b͒ , it is found that the entropy decrease with the increasing pressure and the entropy change among ␣-, -, and ␤-Ti keeps nearly constant at high pressure.
IV. CONCLUSIONS
We employed first-principles calculations to investigate the structures, elastic constants, and phase transitions of Ti. At zero pressure and temperature, the stable phase is -Ti and it transforms to ␥-Ti at 110 GPa. The static EOS agrees with the experiments at all range of pressure. The axial ratios of both ␣-Ti and -Ti are nearly invariant under compression. From the high pressure elastic constants, we find that the ␣-Ti is unstable when the applied pressure is larger than 24.2 GPa, while the -Ti is mechanical stable at all range of calculated pressures. The calculated phonon dispersion curves agree well with experiments. Under compression, we captured a large softening around the ⌫ point of ␣-Ti. As pressure increases, the softening becomes more and more obvious. When the pressure is raised to 35.9 GPa, the frequencies around the ⌫ point along ⌫-M-K and ⌫-A in the TA branches soften to imaginary frequencies, indicating a structural instability. For -Ti, all the frequencies are positive under pressure.
Within QHA, the phase boundary of ␣-Ti and -Ti from phonon DOS and quasiharmonic Debye model are consistent with each other. Based on the agreement of our calculated ␣-boundary with previous experiments and calculations, the full phase diagram and accurate thermal EOS of Ti are obtained. The phase transition -Ti→ ␣-Ti→ ␤-Ti at zero pressure occurs at 146 and 1143 K. The transition pressure from -Ti to ␣-Ti at 300 K is 2.02 GPa and the predicted triple point is at 9.78 GPa, 931 K, which is close to the experimental data. Thermodynamic properties are very important to extrapolate thermophysical properties to higher pressures and temperatures. We predicted the thermal EOS properties including isotherms, isobars, and thermal pressure, which confirmed the latest experimental results and were extended to a wider pressure and temperature range. 
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